We report an ab initio study of the effect of pressure on vibrational and electronic properties of K 3 Bi and Rb 3 Bi in the cubic F m3m structure. It is shown that the high-temperature cubic phase of K 3 Bi and Rb 3 Bi is dynamically unstable at T = 0 but can be stabilized by pressure. The electronic spectra of alkali bismuthides are found to possess the bulk band touching at the Brillouin zone center and an inverted spin-orbit bulk band structure. Upon hydrostatic compression the compounds transform from the topologically nontrivial semimetal (K 3 Bi)/metal (Rb 3 Bi) into a trivial semiconductor (metal) with a conical Dirac-type dispersion of electronic bands at the point of the topological transition. In K 3 Bi the dynamical stabilization occurs before the system undergoes the topological phase transition.
I. INTRODUCTION
The Bi-based binary compounds, A 3 Bi (A = Na, K, Rb), have recently attracted much attention due to their unusual electronic properties. Using both first-principles calculations and effective model analysis [1] , as well as angle-resolved photoemission spectroscopy (ARPES) [2, 3] , it was shown that in the low-temperature crystal structure (a hexagonal phase) these semimetals possess 3D Dirac states protected by crystal symmetry [4] with an inverted spin-orbit bulk band structure and nontrivial Fermi arcs on the surfaces [1, 5] . Moreover, the compounds can be driven into various topologically distinct phases, such as topological insulator, topological metal (with nontrivial Fermi surfaces), or Weyl semimetal by breaking of symmetry [6] .
On the other hand, it is well known that K 3 Bi and Rb 3 Bi undergo a reversible transition from a hexagonal low-temperature phase to a cubic one, F m3m, at 280
• C and 230
• C, respectively [7, 8] . Na 3 Bi, which crystallizes in a hexagonal structure regardless of temperature, becomes cubic under hydrostatic compression [9, 10] . As shown in Ref. [11] and in the present work, in the cubic structure these compounds are also semimetals with an inverted band order between the conduction and valence bands at the center of the Brillouin zone (BZ). Such materials can be driven to topologically different phases by pressure-induced modifications of the band structure [12] . The prediction of new topological phases by using ab initio computational tools has become an effective way to search materials with new properties. The unique electronic structure of the compounds also opens up opportunities to study topological phase transitions. The conical dispersion in such Dirac semimetals is realized at the critical point of a topological phase transition and is achieved by tuning of a system parameter (pressure), which makes the band structure easy to engineer suitably [13, 14] .
Inspired by recent theoretical studies of Na 3 Bi and using first-principles band-structure calculations, we show that upon hydrostatic compression cubic K 3 Bi and Rb 3 Bi undergo a transition from a topological semimetal (K 3 Bi)-metal (Rb 3 Bi) to a conventional semiconductor (K 3 Bi)-metal (Rb 3 Bi). To examine the dynamical stability of K 3 Bi and Rb 3 Bi in the cubic phase and the effect of pressure on the lattice dynamics, we have calculated the phonon dispersion with and without hydrostatic compression.
II. CALCULATION DETAILS
The electronic structure calculations were performed in the mixed-basis (MB) pseudopotential approach [15] [16] [17] with the exchange and correlation energy functional evaluated within the generalized gradient approximation [18] . We used semilocal norm-conserving pseudopotentials [19] , with p semicore states treated as valence states for alkali-metal atoms (3p for K and 4p for Rb). The MB scheme employs a combination of local functions and plane waves. To expand valence states, we used a plane wave basis set with a kinetic energy cutoff of 22 Ry (∼300 eV) augmented by local p-and d-type functions for alkali-metal atoms and s-and p-type local functions for Bi at each atomic site. The Fourier expansion of the crystal potential and charge density was found to be safely truncated at 54 Ry. Integrations over the Brillouin zone (BZ) were performed by sampling an 8 × 8 × 8 mesh corresponding to 512 k points in the BZ and using a Gaussian broadening with a smearing parameter of 0.01 eV.
To obtain phonon dispersions, the density-functional perturbation theory was used [20] . Its implementation in the MB scheme is described in Ref. [17] . We performed both scalar relativistic and including-spin-orbit-effect calculations. Spin-orbit coupling (SOC) was incorporated into the pseudopotential scheme via the Kleinman's formulation [21] and was treated fully self-consistently [22] . The dynamical matrices were computed on a (4 × 4 × 4) grid of wave vectors, and then the phonon frequencies along high-symmetry directions of the BZ were obtained with the standard Fourier interpolation scheme [23] .
A. Wilson loop method
To demonstrate the topological character of the compounds, we applied the Wilson loop (also known as Wannier charge center) method, proposed in Refs. [24, 25] . The Wilson loop (Ŵ) is defined aŝ
where P is the path-ordering operator.Â(k) is the non-Abelian Berry connection,Â
where m,n are band indexes, μ is a space index, and u nk are the Bloch eigenstates of the Hamiltonian. Practically, a tight-binding Wilson loop and discretized expression [26] are used,
where
for each μ, and G μ are basis vectors in the reciprocal space. The product is found on a finite mesh of closely adjacent k points which form a closed loop line. It should be noted that this line is perpendicular to the direction of k points where Wilson loops are calculated. The eigenspectrum ofŴ mn μ defines Wannier charge centers and makes it possible to graphically investigate the topology of compounds.
III. RESULTS AND DISCUSSION

A. Structural parameters
The high-temperature phase of K 3 Bi and Rb 3 Bi, F m3m, is composed of four face-centered sublattices mutually shifted by ( ) along the body diagonal with two of them being symmetry equivalent. Atomic positions are shown in Table I . Also shown are the optimized lattice parameter obtained by total energy minimization together with available experimental data. In K 3 Bi, the theoretical lattice parameter is very close to the experimental value, the deviation is ∼0.15%. For Rb 3 Bi a 
B. Dynamical stability
The phonon spectra of K 3 Bi and Rb 3 Bi obtained at the equilibrium volume (V 0 ) show that the cubic phase is dynamically unstable at zero temperature. The phonon dispersions are given in Figs. 1(c) and 1(d). The right panels show the density of phonon states. Since the unit cell contains four atoms, there are 12 vibrational modes. The harmonic calculation yields imaginary phonon frequencies at the BZ boundary for two transverse acoustic (TA) modes around the X point and for one TA mode near the K and U symmetry points. The modes are shown as negative ones in the figure. The corresponding atomic displacements are given schematically in Figs. 1(e) and 1(f). The unstable modes are dominated by displacements of those K (Rb) atoms which occupy octahedral sites [K(Rb)
O ; see Table I] .
To explore the effect of pressure, we have calculated the phonon spectra of K 3 Bi and Rb 3 B at different volumes. It is found that upon volume decrease, all phonon modes experience an upward shift and at a volume of V ∼ 0.92V 0 (P ∼ 1 GPa) in K 3 Bi and at V ∼ 0.82V 0 [P ∼ 2.5 GPa (∼1 GPa) with respect to V 0 (V exp )] in Rb 3 Bi the TA modes in the phonon spectrum become stable. It means that at low temperatures the cubic F m3m phase of K 3 Bi and Rb 3 Bi is stabilized by pressure. Another alkali bismuthide, Na 3 Bi, also becomes cubic under hydrostatic compression [9, 10] (at 0.7-1.0 GPa) although the compound crystallizes in a hexagonal structure regardless of temperature. Unlike K 3 Bi and Rb 3 Bi, the cubic structure of Na 3 Bi is still dynamically stable at ambient pressure, as shown by lattice dynamics calculations [10] .
To show the structural transition under pressure, we have also calculated the enthalpy difference between the cubic and the hexagonal phases. The calculations were carried out within the projected augmented-wave approach realized in the VASP code [28] . Lattice parameters and atomic positions were optimized for each pressure using the L-BFGS algorithm to solve unconstrained minimization problems [29] . The data for three possible hexagonal phases are presented in Fig. 2 . Like Na 3 Bi, both compounds were first found to crystallize in the P 6 3 /mmc structure (Na 3 As-type) [30] . For K 3 Bi, two other hexagonal phases were then reported: P 3c1 (anti-LaF 3 -type, Ref. [31] and P 6 3 cm (Cu 3 P-type; Ref. [32] ). As compared to the P 6 3 /mmc phase, the unit cell of P 3c1 and P 6 3 cm structures is increased from 8 atoms per unit cell to 24 as a result of a distorted K(Rb)-Bi honeycomb lattice [33] . The calculated enthalpies show that (i) the P 3c1 and P 6 3 cm hexagonal structures are thermodynamically preferable when compared to the earlier reported P 6 3 /mmc phase: H (P = 0) for P 3c1 and P 6 3 cm is about 0.01 meV/f.u. (in K 3 Bi) and 0.04 meV/f.u. (in Rb 3 Bi) smaller as compared to that for the P 6 3 cm structure; (ii) the structural transition to the cubic phase indeed occurs above ∼1 GPa (with respect to the experimental volume). For Na 3 Bi, the P 3c1 phase was also experimentally confirmed by Raman measurements [34] . The observed number of IR active modes ruled out the P 6 3 /mmc symmetry. 
C. Electronic structure
Electronic structure at ambient pressure
The calculated electronic spectra of K 3 Bi and Rb 3 Bi in the low-temperature P 3c1 structure (a hexagonal phase) are shown in Figs. 3(a) and 3(d) . The electronic bands were obtained with SOC included. The band dispersions are similar to those reported for the P 6 3 /mmc structure [6] . As follows from the figure, the hexagonal K 3 Bi and Rb 3 Bi are metallic with small electron pockets around the point, while Na 3 Bi is a semimetal [1, 6, 33] . Like in the case of Na 3 Bi, the conduction and valence bands are inverted at the bulk BZ center where the K/Rb s band is located at lower energy than the Bi p x ,p y band. The band inversion at the point indicates a topologically nontrivial character of the electronic structure, which is also The bulk Dirac nodes on the rotational axis away from the point indicate that the Dirac states are symmetry-protected by the threefold rotation crystal symmetry [3] which remains in the P 3c1 structure although the K/Bi sheets are buckled due to the shifting of alkali-metal atoms [1, 6, 33] . The projected bulk Dirac nodes and the nontrivial surface states (Fermi arcs) can be visible on the K 3 Bi (0110) surface [see Fig. 3(c) ], where they are separated in the momentum space. So K 3 Bi in the low-temperature hexagonal phase is a 3D topological Dirac metal with two Dirac cones. Unlike K 3 Bi, the electronic spectrum of Rb 3 Bi shows only a band inversion in the BZ center. We could not find any indication of a Dirac-type band crossing on the rotational axis along the -A line [ Fig. 3(f) ].
It should be noted that the electronic properties of alkali bismuthides in the cubic structure have been studied before within semirelativistic calculations [35] . Figure 4 shows the electronic spectra of K 3 Bi and Rb 3 Bi obtained with the inclusion of spin-orbit coupling (a) and (b) and also displays the influence of SOC on the electronic bands (c) and (d) in the vicinity of the BZ center. Without taking into account the spin-orbit coupling, the K 3 Bi compound is a trivial semimetal with a small gap (see Table II ) at the point. The electronic structure of Rb 3 Bi is characterized by a small electron pocket around and a hole pocket in the vicinity of the X point. In both compounds the lowest conduction band at the point is composed of s-type electronic states and is located slightly above the three p-like bands, which are degenerate at the BZ center. Accounting of SOC modifies the dispersion of valence bands by splitting off the p bands at into two degenerate bands, 8 , and a split-off state, 7 so that the valence and conduction bands are now touching at the BZ center. SOC also affects the s-type electronic states, band 6 ; they are pushed below the Bi p bands, 8 . As a result the energy gap ε S ( 6 ) − ε P ( 8 ) becomes negative and thereby the band order at the BZ center gets inverted, which indicates a topologically nontrivial phase. Since the theoretical and experimental lattice parameters differ slightly, Table II shows the gap values for both lattice constants. In addition, it is worth noting that no other band inversions are present for the rest of the highsymmetric points in the Brillouin zone. The band inversion in K 3 Bi and Rb 3 Bi is confirmed by using an improved approximation for the exchange energy, the hybrid exchangecorrelation functional HSE06. It is based on a screened Coulomb potential for the exchange interaction to screen the long-range part of the Hartree-Fock (HF) exchange [36, 37] . The HF term with the correct asymptotic behavior makes it possible to improve the accuracy of the band-structure prediction [38] . Na 3 Bi in the strain-free cubic case is also a semimetal like K 3 Bi because its conduction and valence bands touch only at the point. However, even in the case without SOC the Na − 3s states are energetically lower, by about 0.4 eV, than the Bi − 6p states at the point [11] and, what is more important, the s and p states exhibit the opposite parities. When the SOC is taken into account, the inverted band ordering is further enhanced. The Na − 3s state ( 6 ) is significantly reduced in energy, thereby increasing the energy difference with Bi p states up to 0.85 eV. The same characteristic feature was reported for a ternary alkali bismuthide, KNa 2 Bi [39] . Therefore, like KNa 2 Bi, Na 3 Bi in its strain-free cubic case is a topologically nontrivial zero-gap semimetal at P = 0 GPa, whether or not the SOC is considered.
To demonstrate the topological character of the considered compounds, we also applied the Wilson loop (Wannier charge center) method, proposed in Refs. [24, 25] . Wannier charge centers (WCCs) were obtained from the occupied states on the basis of the WANNIER90 code Hamiltonian [40] . The topological properties were investigated by checking two planes in the k space: k z = 0 and k z = π . The evolution of WCC At k x = πn (n, integer) all the presented curves are doubly degenerate due to time-reversal symmetry in the considered systems. Owing to the point symmetry, the results are similar for perpendicular planes when k x and k y are fixed and the evolution of WCC is traced along the k y and k z directions, respectively. From the figure it is clear that for the k z = 0 plane the WCC curve crosses the reference line once. However, WCC never crosses the reference line at k z = π . It should be noted that the reference line parallel to the k x axis is purely arbitrary and can be moved to somewhere else, but the parity of crossing numbers between the evolution lines and the reference line will never change. This indicates the topological character of K 3 Bi and agrees with the band inversion at the point. The presented WCC curves also say that Z 2 is equal to (1;000) in the TABLE II. Calculated energy gaps at the point, ε S ( 6 ) − ε P ( 8 ) (in eV). The data are obtained for the theoretical equilibrium volume both with (SOC) and without (noSOC) spin-orbit coupling as well as for the experimental lattice parameter (a expt ) with the account of SOC. topological phase of K 3 Bi in spite of the semimetallic character of electronic structure. So the compound can be adiabatically transformed into an insulating phase with the same Z 2 indexes by a small uniaxial extension, which was shown for KNa 2 Bi [39] .
Changes induced by pressure
To study the changes induced by hydrostatic compression, we calculated the electronic band dispersions of both compounds at different volumes. Figure 6 shows the evolution of electronic bands under pressure for K 3 Bi. At low pressures the compound is still a semimetal with the inverted band order at the Brillouin zone center until the energy gap between s-type and p-like bands, ε S ( 6 ) − ε P ( 8 ), vanishes. Figure 7 shows the variation of the energy gap with volume (V /V 0 ) for both compounds. For comparison, the data for a ternary alkali bismuthide, KNa 2 Bi, which crystallizes in the cubic F m3m structure [32, 39] are also shown. Since the optimized and experimental lattice parameters for Rb 3 Bi differ noticeably, the energy gap in Rb 3 Bi as a function of V /V exp is given in the inset.
Right at the point of topological transition [P ≈ 1.8 GPa for both compounds, Fig. 6(b) ], two of the bands form a conical dispersion crossed by the third band [ Fig. 6(b) ]. Upon further increase of pressure an energy gap appears between the valence and conduction bands and the topological semimetal turns into a conventional gapped semiconductor. Simultaneously, the band order around the point restores to normal when the s-type 6 band is located above the 8 bands composed of p-type Bi states [ Fig. 6(c)] . A similar transition occurs in KNa 2 Bi, a topological semimetal, which upon hydrostatic compression become a trivial semiconductors [39] . Na 3 Bi transforms to a regular insulator at ∼3.65 GPa [10] . Also, such semimetal-to-semiconductor topological transitions were reported in the crystals of Hg 1−x Cd x Te by changing cadmium concentration [13] .
So, in the cubic phase of the A 3 Bi (A = Na, K, Rb) compounds a 3D Dirac semimetal state is realized at the critical point of the topological phase transition between a topological semimetal and a normal band insulator by pressure-induced modifications of electronic structure (the so-called trivial Dirac semimetals [14] ). Such a Dirac semimetal state features a Dirac nodes located on the rotation axis away from the point and protected by the rotational symmetry (the topological Dirac semimetal-metal) [6, 14, 33] . With respect to Rb 3 Bi, it is a metal with an inverted band order in the bulk BZ center, but the Dirac band crossing on the rotational axis does not occur.
The topologically nontrivial character of semimetals is usually manifested in the existence of topological surface states. We calculated the surface electronic structure using ab initio-based tight-binding (TB) formalism implemented in the WANNIER90 package [40, 41] . The TB model Hamiltonian was constructed by projecting the bulk energy bands obtained in the first-principles calculation onto maximally localized Wannier functions (WFs). In our calculations, the spinor WF basis was chosen to be |p
for Bi atoms and |s ↑ , |s ↓ for K(Rb) atoms. The projected surface states were then obtained from the surface Green's function (Ĝ μν ) [42] [43] [44] .Ĝ μν for the semi-infinite systems is defined as
where E is an energy parameter, δ is a small smooth parameter (δ = 0.5 × 10 −3 eV in our calculation), andÎ μν is a unit matrix. μ, ν, and η enumerate principal layers which interact as nearest neighbors. The surface spectral function, A(E), was obtained from
The projected spectral functions calculated for the Bi and K O terminated (001) and K T (100) surfaces of K 3 Bi (see Table I for notations) are shown in Figs. 6(d) and 6(e). The data are presented as a color intensity plot. The surface states with a Dirac-type crossing are clearly seen inside the projected valence bands on both surfaces presented.
In K 3 Bi the pressure-induced topological transition to a trivial state occurs when the cubic phase is already dynamically stable. Thus, at T = 0 K there is a pressure interval (see Fig. 7 , the hatched area) where the compound is still a topological semimetal and is already dynamically stable (0.92 V /V 0 0.88, 0.95 GPa P 1.8 GPa). Unlike K 3 Bi, the cubic phase of Rb 3 Bi stabilizes at T = 0 K only after the transition to a trivial semiconductor has occurred (at V /V 0 ≈ 0.82, P ≈ 2.8 GPa).
IV. CONCLUSION
We have performed an ab initio study of the effect of pressure on electronic and vibrational properties of alkali bismuthides, K 3 Bi and Rb 3 Bi, in the cubic F m3m structure. We find that at zero pressure the cubic compounds are topologically nontrivial with the inverted band order at the point and undergo a transition to a conventional semiconductor (metal) state upon hydrostatic compression. Simultaneously, the sequence of bands restores to normal.
It is also shown that the cubic structure of K 3 Bi and Rb 3 Bi at low temperatures (i) is dynamically unstable and (ii) can be stabilized by pressure. In K 3 Bi, the stabilization occurs before the transition to a trivial semiconductor so that there is a pressure interval where the cubic phase is stable and the compound is still topologically nontrivial. Unlike K 3 Bi, the cubic phase of Rb 3 B stabilizes after the transition to a trivial semiconductor has occurred.
